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ABSTRACT
A rocoot theory of UBiMl-tiat ship routing through t lee-dependent
oc«tn wave hoifht end diroctioo fields ie put to e numerical tool
by using a series of eeaidaily analyse* furnished by tho U. S. Ravy
Floot Numerical Veether Facility. Tho interpolations o>ad integrations
required trt found to bo feasible. A roouao of tho thoory is given.
1 . Introduction
Heltiner, Heailton and 'Arnason (1962) gave a relaxation aothod
solution to tho probloa of ainiael-tiee routing of ships through ocoa:
viti hoight and direction fiolds dopondont on tho ship locatioa coor-
dinate* only. Tho thoory has boon extended by Faulkaor (1963) to
tho caso where tho v»»t hoight and direction depend on tiae also.
Tho present paper confronts this tiae-dependent theory with actual
vtYt height and direction analyses froa the files of the U. S. Navy
Pleet Numerical Voather Facility, and reports on practical probleao
which had to be solred in a test of the theory.
2. Polar Telocity diagraa
A basic ingredient of the theory is the polar diagraa of Fig. 1
,
giving the ship Telocity t as a function of the angle I between the
ship's heading and the wave direction. A diagraa of this kind aust
be specified for each ware height H. The points L, N and N on the
diagraa correspond to the ship speed v in head wares, v in beaa
waves, and v ' in following waves. Eapirical curves for these three
speeds as functions of wave height E are available la the pioneer
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Pig. 1. Polar





v~rk of Jascs i19V). Hit ?2sZ-:i2 »;.ip type c ..- -». i;.s«a in Fig. 2.
ive been chosen for use here. They :.ave the appearance of being trcs
of hvperboi^*, at itu*. approximately. T.. . * -*• confirmed wr.en * Utst
•quart! analysis shov#d that all three 3f v , v ar.d v f can be re-
presented closely as functions of H by the h> pt-rbol ic arc
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~ c 3"^ (1)
vhere c Q is the point cossoq to all t:.r*»e speeds *h«-n H-0. The other
four constants are related to the asymptotes { c»*c . ) H*c . €-» and
(c*-c , ) H*c . -c, . It vii decided to construct the polar velocity diagra
by fitting an ellipse to the points L. .M and X. This resulted in semi
principal axes a=(r y-)/2, b^ar
v
/(v v ) , and a distance to the ec-
centric pole given ty c*lv f-v )/2. Note t.\at tne pole is not to
be construed as a focus of the ellipse. A further least squares aaaly
sis shoved that the seaiaxes a and b are closely representabl e also
by hyperbolic functions of the form of ( '. ) , but not c which oust be
calculated as c = (y.-v, )/2.
3. Coordinate system
The ocean wave height and direction data of the semidaily Fleet
Numerical Veather Facility analyses are presented in a south-polar
stereographic projection of the nortnern hemisphere upon a plane pass
ing through the circle of 60° North latitude. A rectangular coordinat
system is set up in this projecting plane with the Ox and Oy axes
parallel to the projections of the meridians of 10° and 100° East
longitude respectively. A 62 by 62 grid is constructed using these
axes with x=y=31 defining the projection of the North pole. The mesh
distance between grid lines corresponds to a distance of 381 km at
60° North latitude where the projection is true. The radius of the
equator's projection is 31.205 mesh units. The map scale factor m,
- 2 -
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defined as the ratio of a differential distance in the Oxy plane to
the corresponding differential distance on tr.e earth's surface, is
= = [973.75*U-31) 2*(y-3O 2 j/l043.6 (2)
Let x,y be the coordinates of a ship's projection in the Oxy plane
at time t. Then the projected speed of the ship is
V(x.y,t.e)=v(H.e)a (3)
where v(H,9) is the actual geographical ship speed of the polar
velocity diagram of Fig. 1, and where H(x,y,t) is obtained by inter-
polation in the Fleet Numerical Weather Facility grid wave height
data. Since the stereographic p*ojection is a conformal transforma-
tion preserving angles and the*r senses, the angle S is the sace in
the Oxy plane as on the earth's surface.
4. Resume of the theory
Fig. 3 shows a ship at the point (x,y,t) in the stereographic pro-
jection plane on a route from fixed initial point A at t=0 to fixed
teminal point B at t=T. Tne elliptical polar velocity diagram for
V=nv is plotted at this point by interpolation in the . semidai ly wave
height H(x,y,t) and wave direction K(x,y,t) grid values of the Fleet
Numerical Veather Facility. The special type of interpolation re-
quired is discussed in the Appendix. The direction of the ship's
velocity vector V=ix"fjy is the control angle p, which is to be chosen
at each point so as to minimize the transit time T from A to B. The
equations of motion of the ship's projection in the Oxy plane are
Qpjssx-V cosp=0, 5-=y-V smp=0 (4)
where V*| V| sV(x,y , t ,p) . The problem of minimizing T is equivalent to
the Lagrange cal ulus of variations problem of requiring the integral
T
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to be stationary, where X(t) and u(t) ir« contiou* of Lagrangian
multipliers. Let the time at the fixed terminal point B be varied
to T+&T. The vanishing first variation of 1 is
6l-AT*[X6x«HA6y]J- fQ (g ) 5x«K?4 6rKP 5 6p)dt-C. (6'
The coefficients of 6x,6y,6p in 61=0 give the Euler equations (7).
(8) and (9) , consisting of the adjoint equations
9^«X + (\ cosp-ni sinp)V «0, (7
9 «u+(\ cosp+u sinp)V «0, (8




where the adjoint vector a«i\+ju, and where V sdV/dpei (Y cosp-Vsin
«rj (V sinp+Vcosp) is the tangent vector to the polar velocity diagn
of Pig. 3. Eq. (9) implies the orthogonality of and V as sbovn i;
Fig. 3. Eq.(9) may be written also in the form
p=arctanU/X)+arctan(V /V) . (10
P
The fixed end points A and B imply that
dx(0)«6x(0)«0, dy(0)=<5y(0)^0 f (11
dx(T)«(iAt+6x)
T
«0, dy(T)«(y,lt+6y) T=0. (12
Use of £qs.(1l) and (12) makes the remaining terms of (6) proportio





meaningful for sign only because of the homogeneity of (7) and (8)
£q.(13) implies that the angle (q-p) between V and < is acute, as
shown in Fig. 3. A further implication of (10) and (13) is that the
quadrant of p is such that
cosp-(XV-iiV )/AR f 3inp«(XV +uV)/ar, (14
•= " —
vhere a.|a|.(x 2>u 2 )^ and R»JV |»(V 2 *V 2 )*.
Tht simultaneous numerical integration of (4), (7), (8) and (M)
is carried out together vitb a Nevton-Rapheon iteration ai follovs:
Let X^ ,u
1
and X-.WU b * tv0 li n#ariv independent solution* of the
adjoint Eqs.(7) and (8) corresponding to the columns of the matrix
E(t)-^1 X T| (15)
vhere E(0)»I is the identity matrix. The X t u of (14) are taken as the
linear combinations X=X. cosG+X -sinct and u=u. cosa-ni^sina. The vana-
tion 6p is found by total differentiation of (10) to be
6 pssR|E|6a/A 2 (V2 +2V 2-W ) (16)
mm P PP
vhere jEj is the determinant of E. Assume that a solution of the
ship motion Eqs.(4) has been found, corresponding to (7) , (8) and
(14) for some value of a, which falls short of the fixed end point
B at t«T by the coordinate differences Ax(T) and Ay(T) . Using this
solution and holding T fixed, find the variation of the vanishing
matrix integral ~
J L¥lt <P2 ]S(t)dt«0. (17)
Since the columns of E(t) satisfy the adjoint Eqs.(7) and (8), one
obtains the 1x2 matrix equation
[6x,6y]
TE(T)=J [(V cosp-Vsinp) ,(V sinp+Vcosp) ]E6pdt. (18)











Nov vary the terminal time from T to T+AT and substitute
[6x,6y]T=[Ax,Ay] T-[x,y] TAT (21)
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for the determination of AT and 6a on a varied trajectory vhich
attempts to correct the errors Ax(T) and «ly(T) . The iteration to
luccmiTt varied trajectories is continued until the terminal
errors are acceptable. A suitable initial guess for the angle a is
the inclination angle of the straight line from A to B.
5. Nuaencal example
Ten successive semidaily analyses of ware height and direction,
starting at 062 on 4 May 1963, vere furnished by the Fleet Numerical
Weather Facility. The maximum speed of the chosen P2-S2-R2 ship type
is 19.6 knots. This combination of data precluded a trip of great
length. It was decided to select an area of continued extreme wave
height for the example. Such an area vas found centering at 30° North
latitude and 162 East longitude. Figs. 4, 5 and 6 show tvo computed
minimal-time ship tracks in the area, vith contours of vave height
in feet and vave direction arrows. The arc traversed by the ship
during the 6 hours preceding and/or the 6 hours following the time
of each Figure is shown as a dashed curve. The minimal-time track
AB required 2.488 days vith a 3.0^ saving over the geodesic track.
The minimal-time track CD required 2.656 days vith a 1.3£ saving
over the geodesic track. The severity of the sea conditions in the
area preclude any more spectacular saving. The highly non-analytic
nature of the vave height in the area vas found to affect the con-
vergence of the Newton-Raphson iteration of (22). It vas found nec-
essary to halve the values of AT and 6a in order to avoid a diver-
gent oscillation. Resort to this stratagem vas found to be unneces-
- 6 -
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sary vhtn the vivi bright was nor* nearly analytic.
6. Concluding remarks
The numerical integrations involved in tne theory of minimal-time
•hip routing through time-dtpendtnt ware fields arc found to be
feasible. The necessary three-dimensional interpolations m the
wave field data, discussed in the Appendix, present no problea. Con
vergence problems may arise, but can be solved by the described de-
layed approach to the limit. The authors can supply copies of their
Fortran programs for ship routing and for the cubic-interpolation
contouring of Figs. 4, 5 and 6.
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7. Appendix
Some pertinent mathematical details are listed here.
The geographic wave direction V, measured clockwise from the Nort
must be converted to the unit vector l cosIC^j sinK in the stereo-
graphic grid system by
cosK«-[ (x-31 )cosv+(y-31 ) sinv]/r
sinXa [ (x-31 ) sinv-(y-31 )cosv]/r
(23)
2 2 2
where r »(x-31 ) +(y-31 ) . Then the derivative
K =cosK(<JsinK/dx)-sinX(dcosK/dx) . (24)
The derivatives V =mv +vm and V =av are obtained most conven-xxx P P
iently by the implicit differentiation of the equation
[v sin(p-K)/b] 2+[(c+v cos( p-K) )/a] 2 =1 (25)
of the elliptical polar velocity diagram, and noting that a,b,c
are functions of H(x,y,t), and that K depends on x,y,t. The cod-
- 7 -




cos8-a cus(q-K)/s-[ v coi(p-K)-»c]A
where s 2*a 2 cos 2 (q-K)+b 2 sin 2 (q-K).
The numerical integration of the adjoint Eqs.(7) and (8) demands
an interpolation formula for H(x,y,t), cosK(x,y,t) and sinX(x,y,t)
which guarantees the continuity of these functions and of their
first space and time derivatives where any of x.y.t assume grid
values. A 16-point interpolation formula to accomplish this is ob-
tained from the 4x4 matrix F, whose four rows and columns of func-
tion entries correspond to four successive x and y grid values re-
spectively. The interpolation mesh cell is the central cell of the
array, with x and y measured from the cell center, and with the mesh
distance considered to be two units. The formula is
F(x,y)=P(x)FPJ(y)/236 (27)
where the matrix
P(x)»[ ( 1-x) (x 2-1 ) , (x-1 ) (3x 2 +2x-9) , (x+1 ) (9+2x-3x2 ) , (xi-1 ) (x2-1 ) ] (28)
and the prime indicates matrix transposition. Interpolation in the
time dimension is accomplished by the similar 2-unit-mesh central-
difference formula
F(t)=[P(-3),F(-l),F(l),F())]?;(t)/l6 (29)
which guarantees the continuity of F(t) and dF/dt at each end of the
central time interpolation mesh. This formula is consistent with
parabolic interpolation at the beginning or end of a time series,
where central differences are not available. An interpolated vector
i cosK(x,y ,t)t-j sin£(x,y,t) should be normalized before use.
- 8 -
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2. Ship speed in following, beam and head waves.
3. Ship notion in stsreographic Oxy plane.
4. Sea conditions at 06Z and 1 8Z on 4 May 1963.
5. Sea conditions at 06Z and 18Z on 5 May 1963.
6. Sea conditions at 06Z and 1 8Z on 6 May 1963.
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PRCC*** ^INVCY
EYVARS< U-Xl-l WARS < 2)*XMUl V VARS ( 3 ) *XLM2 YVARS(«»)*XM\j2 JJ«0 EW
YVARS(S)*X YVAR<[6)-Y YVARS(7)*XJ YVARS<8)*S J>] *S 2
01 "ENS I ON KHM9 v f2.10) 1 HT(19.12tlO).KK(19 v 12f 1C ) .CCSKI 1 9. 1 2 . 10). 3$IMlM9.1?.10).fVARSm.OY(d). v C 18),C(*).TAUI306) t XI 300) .Y| 3001 9 %CAPt A*( kO), PPM 00). CO I 3 00),*KliOO), VS(iOO) , »h ( 306 ) , X J ( J30 ) . *
S( 30C).AMfc v 6> 6
LCUIVALESCE IKH.HT), (KK.COSK) 7
«£A0 1, KH.KK.JJ, LHAX.KX$t,KYST.KXFN,KYFN.ALF ,T,FAC,FM\JL 8
1 FOR-AT ( 10
(
3912/ I • 60(381$/), 61 3* *F12.9 > 9
PRINT 2. JJ, L*AX, KXST. KYST, KXFN, KYfK, MCt FMUL
2 FCR»AT [|hO. 613, 2F12.9) 1
nc u i- t . 19 1
OELI • i-?a 1




ROOT » SwRTF(0ELl*0ELI CELJ*DELJ) 1
CO U K« , 1C 1
MT { I t J.K1 • KM{ !• J V KI ]
I.J.K) • 1
ANCLE ANCLE/57,2957 7951
ANGLE • KK( 0 2
CCS - COSF(ANCLE)
SIN SINF(ANGLE)
COSK{ I.J.K) • -OELI'COS OELJ»SIN)/RCOT
SINKII,J,K) • C0ELI*SIN - OELJ*COS)/ROOT
C( 1 ) 0.0
C(2) - 0.5
C(3) -0.5
C(U) • 1.0 2
X( 1 ) • KXST 2
Y( 1 ) KYST
TAU( 1 )« 0.0
XFIN * KXFN
YFIN • KYFN
WH( 1 ) » HT(KXST,KYST. 1)
CALL POLAR (COSK( KXST.KYST.l) , SINK ( KXST.KYST, 1) , WK ( 1 )
I
XSTEP « T/FAC
CALL ABC (WH( 1),AI,BI,CI,0AI,DBI,DCI)
CAPLA^( 1 ) » 1.0 *
S( 1 ) 0.0 »»
XJ( 1)* 0.0 *
00 18 L-l.LMAX h
- ALF k
Q0( 1) - C • 57.2957 7951 *
COSA « CCSF(ALF) %
SINA m SINF(ALF) U
COSQ CCSA h
SINQ * SINA * *





SINQ.MK* SIN3»C0S<(KXST,KYST,1 ) - COSQ*SINK( KXST, KYST, 1
A8S AI«COSQMK
ORO 9I«SINQMK 5
HYP » SCRTFt ABS«ABS OR0*OR0) 5
SINB* ORC/HYP
COSB* ABS/HYP
VMAJ- AI«COSB - CI




CALL POLAR (VMAJ, VMIN.PMK)
PP( 1 )• PMK WK(1
)
6
XVAR - 0.0 6
00 5 1-1,8 6
YVARSd ) » 0.0 6
YVARS(l) • 1.0 t
YVARS(U) « 1.0 t
YVARSI5) « X( 1) t
YVARS(6) Y( 1) 6
Nl - T/XSTEP 1.0 4
XN1 * Nl t
STEP - T/XN1 7
N2 Nl 1 7
00 1U K«2,N2 7
DO 7 1*1.4 7
XC * XVAR C(I )*STEP 7




XLAM - YCID^COSA YC(3)»SINA 7
XMU * YC(2)*C0SA YC(U)»SINA 7
CLAM • SCRTF( XLAM»XLAM XMU«XMU) 7










































































































YC( 1 )»YC(U) - YC(2)«YC(3)
SCRTFl 1.0 RAT»RAT)




































XVAR « XVAR STEP
TAU(K) • TAU(K-I) STEP








CALL TERP (HT,X(X) f Y{K).TAU(K) ,WH(K),HX,HY)
ABC (WH(K),FA, FB v FC.0A.0B,0C)
TERP (COSK,X(K),Y(K),TAU(K) t CK,CKX,CKY)
TERP ( SINK,X (K),Y(K) , TAUIK), SK,SKX,SKY)
• SCRTF(CK<K SK«SK)
CK/RCOT




















































































































































































































(TAU( I ). X( I) ,Y( I),CAPLAM( I),WH( I),WK( I ),














































































910 236 - RA
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FLiNC, X, Y, T, OUT. CUTX, CUTYl













































































































































0( »»)• P(U) 1/256
D(U)«PX(U) )/12eSm«CYU) )/ 128
1»TT - 9.0
2)-T2*»ORD( 1 )1-TP1»(H«0R0( 3)-T2*^CR0f Wlll/16.
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PROGRAM STRAIGHT
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C TO CCNVPBT PQTGaA* MNVCY TO PROGRAM STRAIGHT
C (1) REPLACE wisvnv CARDS (U3-55) BY FOLLOWING CAROS
C COST --Sl?.K(KXST f KVST, 1 ) %
C OR COST CCS«(KXST, KYST, 1) %
C SINT —CCSMKxST,KYST,l ) %
C OR SINT — SINK (KXST.KYST. 1) fc
C CUAO • 8I«RI«C0ST»CCST AI • A I «S I NT«S INT %
C RAOI • SwRTF(CUAD - ( C I »S INT ) «»2 ) *
C SINB SINT«( AJ.RA0I-BI»CI»C0ST)/GUA0 «»
I COSP - (flt»COSTM ACI*Al*Cl«SINT«SlNT)/CUAO *»
C 12) REPLACE *INVOY CAROS (89-97) BY FOLLOWING CARCS
C OR COST I Ik 8
C SINT «-CK 9
C OR SINT — S* 9
C CUAO • FB«FR»COST«COST FA»FA« SINT«S INT 9
C RAOI SwRTFI 0UA3-(FC»SINT)«»2) 9
C SINB SINT«(FA«RACI - F
8
«FC 'COST ) /QU AO 9
C COSP « (FB»COST«RADI F A»FC» SINT«S INT ) /GUAO 9
C (3) REPLACE NiNVOY CAROS (153-161) BY FOLLOWING CAROS
C COST «-SK
C OR COST CK
C SINT «-CK
C OR SINT »-SK
C QUAO * FP»FB»CCST#CCST FA»F A»SI NT»S INT
C RAOI • SCRTF( CUAO-(FC»SINT)««2)
C SINB - SINT#( FA»RAOI - F B»FC»COST ) /QU AO
C COS8 « (f B»COST»RACI F A»FC»S INT»S INT ) /QLiAO
C (U) REPLACE MINVOY CAROS (197-198) BY FOLLOWING CAROS
C FF - (5.CO-Y(N2-l ) )/( Y(N2)-Y(N2-1 ))
C OR FF • ( 13.0-X(N2-1 ) )/(X(N2)-X(N2-l )
)
C T - FF»TAU(N2) ( 1.0-FF)»TAU(N2-1)
PROGRAM CONTOUR Q
DIMENSION ABS(900 ) .ORO (9CO) , KH( l9,12),HT(19,12),KK(19,12),PT(12) tCOSK( 19,12)tSINK(19.12),RX(U8),RY(«»8),C0N(U f u) t IT(12),THl2),C(3) 2
EQUIVALENCE (IT.TI), I L A , AL ) 3
READ 1, GS, IHMAX, IDELH. I XMIN , I XMAX.
I
YMI N, I YNAX ,KH, KK, T I , AL *
1 FORMAT i F±.2i 613/, 12(3812/), 2(l0A8/> > 5
00 2 J- 1 ,12 60021-1,19 7i
2 MT( I. J) • KHI I, J) 8
PRINT 3, OS. IHMAX, IDELH, IXMIN, IXMAX, IYMIN, IYMAX 9
3 FORMAT ( IhO. FU.2. 613 )
READ 26, (ABS(I), ORO(I), 1*1,5)
26 FORMAT ( 10F3. 1)
CALL CRAM (5, ABS, ORO, 1 ,0, LA, I T, 1 . , 1 . , 0,0, 2,2,8, 8,0, LAST)
C » DS»DS
DO 22 IY- IYMIN, IYMAX
Y - IY
00 22 IX- IXMIN, IXMAX
CALL COEF (HT, IX, IY. PT, CON)
DO 22 IH- 3, IHMAX, lOELH
H * IH
NR — C
CALL BOOT (CON, 1, H, 0, KER)
IF (KER) 8.8,%
H 00 7 J-1,KER
ABS( 1 ) - X (0(J)*1. 01/2.0
ORD( 1 ) » Y
IF (NR) 33,35,33
33 DO 3U I-l.NR
A - AeS( 1 ) - RXU )
B - CRC( 1 ) - RYU )
IF (A«A B«B - C) 7,7, 3H
3U CONTINUE
35 CALL GRAC ( PT
,
ABS ( 1 ) .ORO ( 1 ) ,0X, DY,OUAO,OELX .OELY.OS ,H,0)
IF (QUAO - l.E-10) 7,7,5
5 IF (DELY) 6,36,36
6 OS - -OS
OELX- CELX - DX - OX
DELY- DELY - DY - DY
IF (OELY) 7,36,36
36 ABS(2) - ABS(T) OELX
0RD(2 ) - ORQ( 1 ) OELY
CALL CUT (NK, ABS,ORO,RX,RY,OS,PT,X,V, H)
7 CONTINUE
IF (KER) 13.13,9
8 CALL ROOT (CON, 2, H, 0, KER)
9 00 12 J-1,KER
37
ABSC 1 1 • X 5
CR0(1) • Y ( 0( J ) 1 . 01/2.0 5
IF (NR) 37,39,37 5
00 38 I-l.NR 5
A • ABS( 1 ) - RX(l ) 5
p • 0«0( 1 ) - RYU )|F (A-A B*B - t> 12,12,38
8 CONTINUE
9 CALL CRAO (PT.ABSt 11.0*0(1). OX, DY, QUAO, OELX, OELY, OS, H,0)
IF (OLAC - ) t E-0) i2,i2,fo
IF (OELX) 11,U0,%0
OS • -OS
8 Ely* DFLY - dy - oyelx- Ctix - ox - ox
IF (OELX) 12.uo.uc
*0 ABS(2 ) - A8S( n OELX




13 CALL ROOT (CON. 3, M, 0, KEH)
IF (KER) 18,18,1%
1% 00 17 J-1,K£R
APSC1 ) • X (0(J )«1. 01/2.0
ORD( 1 > • Y 1.0
IF (NR) Wl.U3.Hl
fcl 00 *2 I-l.NR
A • A6S( ) ) - RX(I 1
8 • OROI 11 - RYU )
IF (A«A 6*8 - CI 17,17,%2
*2 CONTINUE
U3 CALL CRAC (PT.ABSt 1),CRQ( U.OX.OY, QUAO, OELX, OELY, OS, h,0)
IF (QUAO - 1. £-10 1 17,17,1$
16
l E )
IF (OELY) UU.UU, 16 «
OS • -OS «
OELX- OELX - OX - OX «
OELY- CELY - OY - DY «
IF (OELY) UU.UU, 17M ABS«2) ABS( 1) OELX
0R0(2 ) • CROC 1) OELY





CALL ROOT (CON. W. M, 0,
IF (KER) 22.25,19
00 22 J-1,KER
ABS( 1 ) - X 1.0
0R0( 1 ) • Y (D(J )!. 01/2.0
IF (NR) U5,U7,u$
hS 00 *6 I-1.NR
A • ABSt 1 ) - RX(l )
6 • 0R0( 1 ) - RYtl )
IF (A«A B«B - C ) 22.22.U6
*6 CONTINUE
U7 CALL GRAO (PT.ABSt 1 ).g*Qtl).OX,OY, QUAO, OELX, OELY, OS, H,0)
IF (QUAO - l.E-10) 22,22,26
20 IF (OELX) U8.U8.21
21 OS » -OS
OELY* OELY - OY - OY
OELX- OELX - OX - OX
IF (OELX) HB.U8,22
U8 ABS(2) • ABS( 1) •> OELX
OR0(2) - OR0( 1) OELY








RAD - SCRTF(OELI«OELI CELJ-DELJ)
ANGLE • HKI I • J ) •!
Q
ANGLE • ANGLE/57. 2957 7951
COS - CCSF(ANGLE)
SIN • SINF(ANGLE)
COSK(I,J) - -(OELl«COS DELJ»SIN)/RAO
23 SINK(I.J) - (0€LX»S;n - D£LJ»COS)/RAO
IXP • IXKIN 1
IYP - IY«IN 1
DO 2% IY • !YP, IYMAX
Y - IY

















































































































































ABS( I ) - *»,0
.9»CR0( I ) - 3.2

















ABSI I ) - W.O




ABSI I) - h.Q

























INE ROOT (CCN, KS, H, D. K£R)


































































X(2> • -b - RAO
KER • 2
GO TO 28
X( 1 ) -F0URTH/C3NI3.KS)
KER 1
CO TC 28








) • 2.0»RA0«SINH(PMI3) - A/5,0
(1.732050807»RAO«COSH(PH13) - l.E-5) 15 t 15,28
) • -<X( l)*A)/2.0
2
TO 28
) 72. 0»ABSF(Q))»«. 33333333333333 - A/3.0
(Q* 17.28,28
) • -xt 1 ) - A/ 1.5
TO 28
- Q/(RAO«RAO*RA0)











































































) - -2.6«RA0»C0SH(PHI31 - A/3.0
» 1
( 1 .732050807»RA0»SINH(PHI3) - l.E-5) 15,15.28
) » 2.0«RAD»COSH(PHI3) - A/3.0
TO 22




) -x(2) - A/ 1.5
TO 17
3 - ACOSFf ARG) /3.0
« 1.732C50807»RA0^SINF<PHI3I
RA0«C0SF(PHI3)
) - Z Z - A/3.0
) « -Z SIN - A/3.0




(ABSF(X( I) ) - 1.0) 29,29,30
» JAR 1






























GRAO (P, X, Y, OX, DY, QUAO, OELX, OELY, OS
P( 12)
- INTF(X)) - 1.0










































92 • (TX»P( 7) - SXP»P(8> )»X*1
P3 • (TX«P( 31 - SXP«P(U) )«XN1
PU a (TX»P( 6) - SXM»P(5) )»XP1 58
P5 (TY»P(12) - SVM«P(9) )»YP1 29
P6 • (TY«P( 2) - SYP»P(5) )«YM1
P7 • (TY»P( 1) - SYP«P(U) )»YH1 31
Pft • (TY«P|I!) - SYM»P(8) 1«YP1 ll
hx (YP1«(Q1-Q?*P1-P2) YMJ»(Q3-CU*P3-P«i))/16.0 33
HY « (XPW(Q1-Q**P5-P61 XH1«(Q3-Q2*P7-P81)/16.0 3%
OUAO MX«HX HY»HY 35
IF (QUAO - 1.1-10) 3,3,2 ; 6
2 IF (KC) 5.U.
S
37
k HXX • ( VP 1«[§XP»P ( 10)-QXP«P(9)-SXM«P( 7)«QKP«P(f ) ) 38
YMU(SXM»P( 3)-QXM«P(U)-$XP»PC6>*QXP«P(5) 11/8.0 39
MYY (XP1»(SYP»P( 12)-QYP«P( *)-SYM*P( 2)*QYH«P(5) 1 *»0
XMU(SYM»P( 1)-QYN»P(H)-$YP»P( lb*QYP«R(8)) 1/8.0 *T
HXY - (Pl-PU*P3-P24PS-P8*P7-P6*Ql-Q2*Q3-QM/%,0 **
RAO - SQRTF(QUAO) %3
DX « DS»HY/*AD %%
OY -OS«HX/RAO *5
SEC « 0.5*(HXX»DX»DX HXY«OX«OY HYY»OY»OY) /QUAO *6
D6LX« DX - HX»SEC %7
DELY- OY - HY«SEC **8
RETURN *9





SUBROUTINE OUT <NR . ABS.ORO.RX .RY, OS, PT. X.Y.HI
01 HENS I ON ABS ( 900 ), 0R0( 9001 ,RX(%81,RYUdl 9 PT( 121
C « 2.0«DS«DS 1.5
NPT - 1
NR « NR 1
RX(NR) • ABS( 1) %
RY(NR) - OR0( 1) S
GO TO 1
U IF (UC-NPT) 20,20, 2U
2U CALL GRAO (PT,A8S(NPT),QR0(NPT1,DX,0V, OUAO, OELX, OELY, OS, H, 01 8
IF (OUAO - 1.E-10 ) 19,19.5 9
5 AB$(NPT*1) • ABS(NPT) OELX U
0RD(NPT4l) ORO(NPT) OELY 15
CALL GRA0(PT,ABS(NPT*1) t 0R0<NPTO 1 ,OX,OY, OUAO, OELX, OELY,0$,H, 1
1




6 IF (OELX - C) 2 18
25 NPT » NPT 1 19
ABS(NPT) « ABS(NPT) OX 20
ORO(NPT) * ORD(NPT) OY 20.1
NPT1« NPT % 21
IF (ORD(NPT)-Y) 7,10,8 22
7 NPT1« NPT1 - 1 23
GO TO 10 2%
8 IF (Y*1.0-OR0(NPT ) 1 9,10,10 25
9 NPT1- NPT1 - 1
10 IF ( AeS(NPTIl-X) 11,U,12
11 NPT1- NPT1 - 1 |8
GO TO 15 29
12 IF (X*1.0-ABS(NPT1 )) 11,U,U
1U IF (NPT-NPT1) 15,U,15
15 NPT « NPT1
19 IF (NPT-1) 26,26,20
20 NR NR 1 3*
RX(NR) ABS(NPT1 35
RY(NR) - QRD(NPT) 36
00 21 1*1, NPT 37
ABS(I) - 0.8»ABS(I) - U.O J8




26 NR - NR - 1
ENO
ENO
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